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1. Introduction
In the present paper we continue the study of the open orbits in the homogeneous space
Z(n) = SO(2n,C)/P = SO(2n)/U(n) of the group SO(2n,C), which is the model space of
one of the G-structures of the second order, under the action of particular maximal subgroups
of the orthogonal group G = SO(2n,C). As we will explain in Section 1, this study is related
to the description of homogeneous integrable (Z(n), SO(2n,C))-structures or pseudogroup
structures on a manifold M . (Z(n), SO(2n,C))-structures on M are defined by an atlas of
Z(n)-valued charts ϕi : Ui → Z(n), whose transition functions ϕi ◦ ϕ−1j are restriction of
transformations from the group SO(2n,C). A (Z(n), SO(2n,C))-structure on M is called
homogeneous, if there exists a transitive on M Lie group of automorphisms of this structure.
Typical examples of (X, G)-structures are conformally flat manifolds (see [14]), spherical
hypersurfaces in complex manifolds (see [4]), Riemannian manifolds locally modelled on
homogeneous space (see [2]).
This kind of problems is framed into the following
General problem. Classify homogeneous (X = G/H, H)-structures for interesting model
spaces X = G/H .
Recall that any (X = G/H, H)-structure on a manifold M determines a G0-structure on M ,
(i.e., a principal G0-subbundle π : Q → M of the bundle of frames), where G0 ⊂ GL(To X)
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is the isotropy subgroup at o ∈ X . There exist only a few G0-structures, with irreducible Lie
groups G0 of finite type (see [15]), which has a non-trivial first prolongation
π
1 : Q(1)
G(1)0−→ Q G0−→ M.
They correspond to Z-gradations of depth 1
g = g−1 ⊕ g0 ⊕ g1 ,
where g is a simple Lie algebra, G0 ⊂ GL(V ) is the Lie group generated by the Lie algebra
adg0 |V , V = g−1.
The canonical (maximally homogeneous) model of such G0-structures is the manifold X =
G/P , where G is the Lie group whose Lie algebra is g and P is the parabolic subgroup of G,
generated by p = g0 ⊕ g1.
In the complex case, the (complex) manifold X is compact and the compact real form Gτ
of G acts transitively on X , with stabilizer Gτ0 = Gτ ∩ G0 and the homogeneous manifold
X = Gτ /Gτ0 is a Hermitian symmetric space. Moreover, this establishes a 1-1 correspondence
between depth 1 gradations of simple Lie algebras g = g−1 ⊕ g0 ⊕ g1, canonical models
X = G/P of G0-structures of above type (g(1)0 = 0, g(2)0 = 0) and compact irreducible
Hermitian symmetric spaces X = Gτ /Gτ0. By Matsushima Theorem, the complex group G is
the connected group of all holomorphic transformations of the Hermitian symmetric space X .
The list of Hermitian symmetric spaces of compact type (see [7]) is given by
A III SL(p + q,C)/P = SU(p + q)/S(Up × Uq) = Grp(Cp+q),
BD I SO(n,C)/P = SO(n)/SO(2) × SO(n − 2) = Gr2(Rn),
D III SO(2n,C)/P = SO(2n)/U(n) = Grisotrn (C2n),
C I Sp(2n,C)/P = Sp(2n)/U(n) Grlagrangn (C2n),
E III E6/Spin(10) × SO(2),
E VII E7/E6 × SO(2).
The model space we are going to consider, is the Hermitian symmetric space Z(n) =
SO(2n,C)/P = SO(2n)/U(n) of maximal isotropic subspaces in the complex Euclidean
space C2n . The corresponding complex G0-structure has the structure group
G0 = GL[2](n, C) ⊂ GL
(∧2
Cn
)
,
via the standard representation of GL(n,C) into the space of 2-vectors in Cn . This space
parametrizes the space of the complex structures on R2n , orthogonal with respect to the Eu-
clidean metric, inducing the same orientation as the standard complex structure J2n and it is
the standard fibre of the Twistor space over an oriented 2n-dimensional Riemannian manifold.
The natural problem is the following: Classify all the open orbits in Z(n) under the action of a
subgroup L ⊂ SO(2n,C). It will be explained later that, at least for the simply-connected case,
the classification of the homogeneous (Z(n), SO(2n,C))-structures on a manifold is equivalent
to that one of the homogeneous domains in the model space Z(n).
In this paper, we describe such homogeneous domains for maximal reducible and maximal
irreducible non-simple subgroups of SO(2n,C). These are a part of the Dynkin list of maximal
subgroups of this group (see [6]).
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This paper is organized as follows. In Section 1 we recall some basic facts about the (X, G)-
structures on differentiable manifolds, that will be useful for the description of homogeneous
domains in Z(n). In Section 2 we discuss the two of geometries on the model space Z(n), cor-
responding to the Hermitian and complex structures, namely the U[2](n) and the GL[2](n,C)-
structures. In Section 3 we will give the explicit description of the open orbits in Z(n) corre-
sponding to reducible maximal and irreducible maximal non-simple subgroups of SO(2n,C).
I would like to thank D. Alekseevsky, D. Burns, P. de Bartolomeis, and S. Salamon for useful
suggestions and remarks.
2. (X, G)-structures on differentiable manifolds
In this section we recall the definition of a (X, G)-geometry on a manifold and some related
topics (see, e.g., [10, 11]). Let X be a simply connected G-manifold, that is a manifold with
an action of a Lie group G. A pseudogroup structure of type (X, G) or (X, G)-structure on a
manifold M is given by an atlas of X -valued charts ϕi : Ui → X (diffeomorphisms onto open
susbsets of X ) such that the transition functions
ϕi ◦ ϕ−1j : ϕ j (Ui ∩ U j ) → ϕi (Ui ∩ U j )
are the restriction of an element gi j ∈ G.
Definition 2.1. Let M and N be manifolds with a (X, G)-structure. A map f : M → N is a
(X, G)-map, if for every chart (U, ϕ) of M and for every chart (V, ψ) of N , with f (U ) ⊂ V ,
then
ψ ◦ f ◦ ϕ−1
is the restriction of an element of the group G.
The (X, G)-structures on a differentiable manifold are characterized by the following
Structure Theorem. (Uniformization) ([10, 11, 14]) Let M be endowed with a (X, G)-
structure and M˜ be the universal covering of M. Then there exist a homomorphism ρ :
π1(M) → G and a (X, G)-embedding  : M˜ → X such that
 ◦ [γ ] = ρ([γ ]) ◦ . (∗)
Vice versa, any (X, G)-structure on a manifold M are determined by a homomorphism ρ :
π1(M) → G and by an equivariant embedding  : M˜ → X (i.e., such that (∗) holds).
The homomorphism ρ and the map  are called, respectively, representation and developing
map of the (X, G)-structure.
When the geometric model is a homogeneous space G/H , the (G/H, G)-geometries on a
manifold M are of particular interest. In such a case, if the linear isotropy representation of
H ↪→ GL(To X) is injective, then the (G/H, G)-geometries on M are described as H -integrable
reductions of the bundle of r -frames on M (see [16, 17]).
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Now we are going to define the homogeneous (X, G)-structures. Let M be a manifold with
a (X, G)-structure. Denote by
Aut(X,G)(M ) := { f ∈ Diff(M ) : f is a (X, G )-map}
the group of (X, G)-transformations of M . We assume that it is a Lie group.
Definition 2.2. The (X, G)-structure is said to be homogeneous if the group Aut(X,G)(M) acts
transitively on M .
We remark that if  : M˜ → X is a developing map and γ ∈ Aut(X,G)(M˜), then  ◦ γ is
still a developing map. Therefore, a group homomorphism
σ : Aut(X,G)(M˜ ) → G
is defined and
 ◦ γ = σ(γ ) ◦  ∀γ ∈ AutX,G (M˜ ). (2.1)
We have the following result
Proposition 2.3. Let M be a manifold with a (X,G)-structure. Let : M˜ → X be the developing
map and
SG ((M˜ )) := {g ∈ G : g((M˜ )) = (M˜ )}.
If the developing map  is a covering map, then
SG ((M˜ )) = σ(Aut(X,G)(M˜ ))
(see [17]). A domain D ⊂ X is said to be homogeneous if
SG (D) := {g ∈ G : g(D) ⊂ D}
acts transitively on D. We have the following
Proposition 2.4. Let M be a manifold with a homogeneous (X,G)-structure. Then the develop-
ing map  : M˜ → X is a covering map onto its image and (M˜) is a homogeneous domain
in X.
Proof. (See [4]).
This proposition reduces classification of simply-connected homogeneous (X, G)-manifolds
to the description of homogeneous open orbits of any subgroup of G. Any simply connected
(X, G)-manifold is the universal covering of a such open orbit.
3. Geometry of the complex manifold Z (n)
In this section we recall some facts about the (complex) model space Z(n) =
SO(2n)/U(n) = SO(2n,C)/P and the action of its biholomorphisms group.
Homogeneous domains in the space of complex structures 185
3.1. First model of Z(n)
The space Z(n) = SO(2n)/U(n) is a compact Ka¨hler–Eistein, symmetric space of complex
dimension 12(n
2 − n), with positive scalar curvature. The homogeneous space Z(n) can be
identified with the space of orthogonal complex structures on R2n:
Com(R2n ) := { J ∈ SO(2n) : J t = −J, inducing the same orientation as J2n } ,
where J2n is the standard complex structure onR2n . Indeed, the group SO(2n) acts on the space
Com(R2n) by
θA( J ) := AJ At , for A ∈ SO(2n) , J ∈ Com(R2n ).
The isotropy group at J2n is just U(n), so that Z(n)  Com(R2n).
The tangent space TJ Z(n) at the point J ∈ Z(n) is given by
TJ Z(n) = {X ∈ so(2n) : J X + X J = 0}.
Let J ∈ Z(n) and X be a tangent vector in TJ Z(n); then
J[ J ](X ) := JX
defines an (integrable) almost complex structure on Z(n). It is orthogonal with respect to the
(unique up to scaling) SO(2n)-invariant Ka¨hler metric on Z(n) (see, e.g., [3, 5, 8, 13]).
Let us consider the special complex orthogonal group SO(2n,C). A direct computation
shows that if g = A + √−1 B ∈ SO(2n,C) and J ∈ Z(n), then
λg( J ) := ( A + B J ) J ( A + B J )−1
defines a J-holomorphic transitive action of SO(2n,C) on Z(n). The full group Authol(Z(n))
of biholomorphic transformations of Z(n) is given by
SO(2n, C)/{±I }
for n > 2 and by PSL(2,C) for n = 2.
The following lemma shows that a holomorphic transformation of Z(n) is determined by its
second jet.
Lemma 3.1. Let f ∈ SO(2n,C) has the same second-order jet as the identity, i.e.,
j2J2n ( f ) = j2J2n (id).
Then f = id.
Proof. Let X ∈ TJ2n Z(n) = {Y ∈ so(2n) : J2nY + Y J2n = 0}. Then
α(s ) := exp(s X ) J2n exp(−s X )
defines a curve in Z(n). We have
α
′
(0) = 2X J2n , α′′(0) = −4X J2n X.
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For f = A + √−1 B ∈ SO(2n,C) we set
β(s ) := f (α(s )).
By the hypothesis it follows that
(0) β(0) = α(0),
(1) β ′(0) = α′(0),
(2) β ′′(0) = α′′(0).
This implies, by a direct computation, that
X AX = X2.
Since the last expression is an identity in X ∈ TJ2n Z(n), we conclude that A = I and f = id,
i.e., the lemma is proved. 
3.2. Second model of Z(n)
There exist other models for the homogeneous manifold Z(n). We show now that Z(n) can
be identified with the manifold Z(n) = Grisotrn (C2n) of the maximal isotropic subspaces in the
complex Euclidean space C2n . Let us recall the following
Lemma 3.2. a) The complex structures on a real vector space E correspond to the complex
vector subspaces W ⊂ EC such that
EC = W ⊕ W , (3.1)
b) Let (E, h) be an Euclidean vector space. Then the h-orthogonal complex structures on E
correspond to maximal complex isotropic subspaces W ⊂ EC.
Remark 3.3. In the Euclidean case, the condition (3.1) is automatically satisfied, since if
w ∈ W ∩ W , then w is real and isotropic, hence w = 0.
Let (E, h) be a 2n-dimensional Euclidean vector space. Then the correspondence of
Lemma 3.2 is given by
J −−→ WJ :=
{
x−√−1 J x : x ∈ E } ∈ Grisotrn (C2n ) ,
for any J ∈ Com(E).
Therefore Z(n) is identified with the manifold Grisotrn (C2n) = SO(2n,C)/P . For low di-
mensions, we have these special biholomorphisms
Z(1) = {0} , Z(2) = CP1 , Z(3) = CP3 , Z(4) = Q6(C) ,
Q6(C) being the non-singular hyperquadric in CP7.
3.3. Gradation of so(2n,C) associated with Z(n)
As was described in the Introduction, canonical models of second-order structures corre-
spond to graded Lie algebras of depth 1. Now, we describe the gradation of so(2n,C) which
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corresponds to Z(n).
Let W be a maximal isotropic complex subspace of the complex 2n-dimensional Euclidean
space (V = C2n, h). Then by the Remark 3.3,
V = W ⊕ W .
Consider the gradation of V , defined by
V = V−1 ⊕ V1 ,
where V−1 = W, V1 = W . It defines a gradation of g = so(V ) = so(2n,C). If we identify
so(V ) with 2V using a metric h, then this gradation is given by
so(V ) = 2V−1 ⊕ V−1 ∧ V1 ⊕ 2V1 = g−1 ⊕ g0 ⊕ g1.
Denote by G0, G±1 the connected subgroups of SO(V ) = SO(2n,C) generated by g0, g±1. Let
{e1, . . . , en} be a basis of V−1 = W and {e1, . . . , en} the conjugated basis of V1 = W . Then,
with respect to the basis {e1, . . . , en, e1, . . . , en} of V , the groups G0, G±1 are represented by
matrices as follows:
G0 =
{(
A 0
0 tA−1
)
: A ∈ GL(n, C)
}
,
G−1 =
{(
I 0
C I
)
: C ∈ so(n, C)
}
 g−1 ,
G1 =
{(
I B
0 I
)
: B ∈ so(n, C)
}
 g1.
3.4. GL[2](n,C)-structure on Z(n) and prolongation
We consider the second model of Z(n), i.e., we will think of Z(n) as an SO(V )-orbit in
Grisotrn (V ),
Z(n) = Grisotrn (V ) = SO(V ) · V− ⊂ Grn(V ) ,
where V = C2n and V− = V−1. Then the tangent space of Z(n) at the point V− is identified
with
TV− Z(n) = g−1  2V− ,
via the isomorphism so(n,C)  2V−. By recalling the matrix representation of the group G0
in the previous subsection, we can identify G0 with GL[2](n,C)
G0 = GL[2](n, C) ⊂ GL(TV− Z(n))  GL(2V− ) ,
where the action of g ∈ GL[2](n,C) on the simple elements of 2V− is given by
g(u ∧ v) = g(u) ∧ g(v).
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Definition 3.4. An admissible frame of TV− Z(n) is a basis of the form
{ui ∧ u j , i < j, i, j = 1, . . . , n} ,
where {u1, . . . , un} is a basis of V−.
A frame in TW Z(n) is admissible, if it is obtained from an admissible frame in TV− Z(n) by
a transformation of G0 = GL[2](n,C). We denote by Q the set of all admissible frames on
Z(n) and by π : Q → Z(n) the natural projection. Then Q is a G0-structure on Z(n), i.e.,
Q is a principal subbundle of the bundle of linear frames on Z(n), whose structural group is
G0 = GL[2](n,C). We call Q the bundle of the admissible frames on Z(n). With the notations
of the previous subsection
G−1 =
{(
I 0
C I
)
: C ∈ so(n, C)
}
 g−1 ⊂ gl(V ) ,
G1 =
{(
I B
0 I
)
: B ∈ so(n, C)
}
 g1 ⊂ gl(V ).
Hence, we get Q  G/G1 and we have the following sequence
G
G1−→ Q = G/G1
G0−→ Z(n) ,
where the two arrows mean principal G1 and G0 fibrations respectively. The complex group G
is the first prolongation of the G0-structure Q on Z(n).
3.5. U[2](n)-structure on Z(n)
In this subsection we describe the Hermitian structure on Z(n) of Subsection 3.1 in terms
of the 20 model. As before we identify
Z(n) = Grisotrn (V ).
Let us denote by τ the complex conjugation on the complex Euclidean space (V = C2n, h).
Let V− be a maximal isotropic subspace in (V = C2n, h). Then, as we have already remarked,
we have
V− ∩ V − = {0} , V = V− ⊕ V −. (3.2)
Denote by V τ the fixed points set of τ ; then V  R2n , (V τ )C = V and
V τ = {x + τ(x ) : x ∈ V−}.
Starting from the complex metric h, we define an Euclidean inner product g on the real space
V τ by setting
g(x + τ(x ), y + τ(y)) = h(x, τ(y)) ,
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for all x + τ(x), y + τ(y) ∈ V τ . By Lemma 3.2 a g-orthogonal complex structure J is defined
on V τ . With these notations,
SO(2n) = { A ∈ SO(V ) : AV τ = V τ } ,
U(n) = { A ∈ SO(2n) : A ◦ J = J ◦ A} ,
Z(n) = SO(2n, C)/P = SO(V ) · V− = SO(2n)/U(n).
By the previous subsection, the holomorphic tangent space of Z(n) at the point V− is given by
T 1,0V− Z(n) = 2V−; the decomposition of the complexification TCV− Z(n) of TV− Z(n) into (1, 0)
(0, 1) parts is given by
TCV− Z(n) = 2V− ⊕ 2V− = 2V− ⊕ 2V+ ,
where we set V+ = V −. The real tangent space TV− Z(n) is given by TV− Z(n) = (TCV− Z(n))τ
and it is spanned by the following elements
{u ∧ v + u ∧ v : u, v ∈ V−}.
The following formula
〈u ∧ v + u ∧ v , x ∧ y + x ∧ y 〉 = det
(
h(u, x ) h(u, y )
h(v, x ) h(v, y )
)
,
for every u ∧ v + u ∧ v, x ∧ y + x ∧ y ∈ TV− Z(n) = (TCV− Z(n))τ , defines a metric on Z(n). It
is Hermitian and U (n)-invariant.
As for the group GL[2](n,C), we denote by the unitary group considered as subgroup of
GL(2V−)
U[2](n) ⊂ GL(TV− Z(n))  GL(2V− ).
We define an unitary admissible frame as a basis of TV− Z(n) of the form
{ei ∧ e j + e i ∧ e j , i < j; i, j = 1, . . . , n}
where {e1, . . . , en} is an basis of V− such that h(e j , ek) = δ jk . We denote by P the bundle of
unitary admissible frames on Z(n). Then, the natural projection π : P → Z(n) is a U[2](n)-
structure on Z(n).
4. Orbits in Z (n) corresponding to maximal subgroups of SO(2n,C)
In [6] maximal subgroups of classical groups are classified. Recall that a linear group L ⊂
GL(V ) is said to be reducible if there is an L-invariant subspace W , {0}  W  V . The
following theorems give the list of the maximal connected reducible and irreducible non-simple
subgroups of the orthogonal group SO(N ,C). For the reducible case we have (see [6])
Theorem 4.1. Let (V, h) be a complex Euclidean vector space. Let V0 be a subspace of V ,
V = {0}, V = V which is either non-degenerate or h-isotropic (i.e., h|V0 = 0). Then, the
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subgroup
SOV0 (V ) := { A ∈ SO(V ) : AV0 = V0 }
of SOV is a maximal subgroup of SO(V ). All the maximal reducible subgroups of SO(V ) are
described in such a way.
Let V, W be complex vector spaces, H ⊂ GL(V ) and K ⊂ GL(W ) be subgroups. Then, the
tensor product
H ⊗ K
is a subgroup of GL(V ⊗ W ), acting on V ⊗ W as
( A ⊗ B )(x ⊗ y) = Ax ⊗ By ,
for any A ∈ H, B ∈ K , x ∈ V, y ∈ W . For the irreducible non-simple case, we have the
following theorem (see [6])
Theorem 4.2. Any maximal irreducible non-simple subgroups of SO(N ,C) is conjugated, in
the orthogonal group O(N ,C), to one of the following groups
Sp(m, C) ⊗ Sp(n, C) for mn = N , 2  m  n ,
SO(m, C) ⊗ SO(n, C) for mn = N , 3  m  n ; m , n = 4.
In this section we explicitly describe the orbits in Z(n) corresponding to maximal subgroups
of SO(2n,C) described in Theorems 4.1, 4.2. For the action of the real forms of SO(2n,C)
see [18].
4.1. Reducible maximal subgroups
Let us fix some notations to state our results. Let (V = C2n, h) be a complex Euclidean
vector space. We will describe open orbits of maximal subgroups SOV0(V ) of SO(V ) in Z(n),
where V0 is non degenerate or isotropic subspace of V . We recall this known fact: let X be a
complex space and G a complex Lie group acting holomorphically on X. If there is an open
G-orbit in X , then it is unique.
A proof of this statement can be found in [12, Lemma 1.1] (se also [9]).
4.2. Case of nondegenerate subspace V0
Let V0 ⊂ V be a nondegenerate complex subspace of dimension 2n − k and V ⊥0 be the
orthogonal of V0. Then V = V0 ⊕ V ⊥0 and
L = SOV0 (V ) = S(O(V0 ) × O(V ⊥0 )).
For a subspace W ∈ Z(n) ↪→GrC(n, 2n), we define
d1(W ) := dim C(W ∩ V0 ) d2(W ) := dim C(W ∩ V ⊥0 ).
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Notice that d1, d2 are L-invariant. We have the following
Theorem 4.3. Let (V = C2n, h = 〈 , 〉) be a complex Euclidean vector space, V = V0 ⊕ V ⊥0
be an orthogonal decomposition of V and dim C(V0) = 2n − k, 1  k  n. Let
L = SOV0 (V ) = S(O(V0 ) × O(V ⊥0 )) ⊂ G  SO(2n, C).
Then L has just one open orbit in Z(n), given by
D = {W ∈ Z(n) : d1(W ) = n − k, d2(W ) = 0}.
Proof. D is union of L-orbits, since it is L-invariant. We will show that there is an open orbit,
that it will be unique, by [12, Lemma 1.1].
Take an orthonormal basis {e1, . . . , e2n} of V such that V0 = Span {e1, . . . , e2n−k} and
V ⊥0 = Span {e2n−k+1, . . . , e2n}; then this group is identified with the matrix group
L = S(O(2n − k, C) × O(k, C)).
Recall that the standard complex structure J2n on R2n determines a maximal isotropic n-
dimensional subspace in C2n , denoted by W0 = WJ2n ,
W0 = Span
{
u1−
√−1 J2nu1, . . . , un−
√−1 J2nun
}
,
where {u1, . . . , u2n} is the canonical basis of R2n . A direct computation shows that
dim CL − dim CLW0 = 12 (n2 − n) = dim CZ(n) ,
LW0 being the isotropy subgroup in L at the point W0. Therefore, the L-orbit L · W0 of W0 is
open in Z(n).
Since d1(W0) = n − k, d2(W0) = 0 and d1, d2 are invariant by L , we get that
L · W0 ⊂ D.
Now, we will prove that D ⊂ L · W0. Let W ∈ D, i.e, d1(W ) = n − k, d2(W ) = 0; let
{w1, . . . , wn−k} be a basis of V0 ∩ W and
{w1 = ξ1, . . . , wn−k = ξn−k , wn−k+1 = ξn−k+1 + λn−k+1, . . . , wn = ξn + λn }
be a basis of W , where the vectors ξi [λh] are in V0 [V ⊥0 ].
Since d1 = n − k, d2 = 0 and W is isotropic, it follows that the set {λn−k+1, . . . , λn} is a
basis of V ⊥0 , the vectors {ξ1, . . . , ξn} are linearly independent and
〈ξh , ξh 〉 = −〈λh , λh 〉 = 0 ∀h = n − k + 1 , . . . , n.
Without loss of generality, we may assume that
〈ξh , ξh 〉 = −1 , h = n − k + 1 , . . . , n
and the basis {λn−k+1, . . . , λn} is orthonormal. Since d1(W0) = n − k, d2(W0) = 0, we get
that
W0 = Span {ξ 01 , . . . , ξ 0n−k , ξ 0n−k+1 + λ0n−k+1, . . . , ξ 0n + λ0n } ,
U1 = Span {ξ1, . . . , ξn } , U 01 = Span {ξ 01 , . . . , ξ 0n }
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and g1 : U 01 → U1, g2 : V ⊥0 → V ⊥0 be defined by
g1(ξ
o
i ) = ξi , g2(λ0h ) = λh for i = 1 , . . . , n , h = n − k + 1 , . . . , n ;
then g1, is an isometry and g1 extends to an isometry g1 : V0 → V0. Then we may define an
isometry g = g1 ⊕ g2 : C2n → C2n in such a way g ∈ L and sending W0 to W . Therefore
D = L · W0 and the uniqueness of the open orbit follows from [12, Lemma 1.1]. 
4.3. Case of isotropic V0
The following theorem gives a description of the open orbits corresponding to the case 2) of
Theorem 4.1.
Theorem 4.4. Let (V = C2n, h = 〈· , ·〉) be a complex Euclidean vector space, V0 be a
complex r-dimensional isotropic subspace of V , 1  r  n. The subgroup of SO(V ) which
leaves invariate V0 has just one open orbit given by
D = {W ∈ Z(n) : W ∩ V0 = {0}}.
Proof. Let {e1, . . . , e2n} be a basis of V such that the metric is represented by the matrix
S =
(
0 I
I 0
)
,
and G = {g ∈ SL(2n,C) : gt Sg = S}  SO(2n,C).
We may assume that V0 = Span {e1, . . . , er }. Then, the group L = SOV0(V ) has the matrix
representation
L =
{(
A B
O2n−r,r C
)
∈ G
}
.
Let us denote by V+ the point of Z(n) given by V+ = Span {en+1, . . . , e2n} ∈ Z(n). The L-orbit
of V+ is open. A direct computation shows that
dim CL − dim CLV+ = 12 (n2 − n) = dim CZ(n) ,
i.e., the L-orbit of V+ is open in Z(n). We have that L · V+ ⊂ D, since V+ ∩ V0 = {0} and L
fixes V0.
Now, we will prove that D ⊂ L · V+. Let W ∈ D and {w1, . . . , wn} be a basis of W .
We are looking for an isometry ϕ : V → V such that ϕ|V0 : V0 → V0, ϕ|V+ : V+ → W . Set
U0 := V0 ⊕ V+, U := V0 ⊕ W . Denote by
w1 =


a
1
1
...
a
n
1

 , . . . , wn =


a
1
n
...
a
n
n


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the components of w1, . . . , wn with respect to the basis {e1, . . . , en}. Let ϕ : U0 → U

ϕ(e1 ) =
r∑
j=1
x
j
1 e j ,
...
ϕ(er ) =
r∑
j=1
x
j
r e j ,
ϕ(en+1 ) = w1 ,
...
ϕ(e2n ) = wn ,
where the xkj ∈ C are to be determined. Then ϕ will be an isometry if and only if


〈ϕ(e1 ) , w1〉 = 1 ,
...
〈ϕ(e1 ) , wn〉 = 0 ,
, . . . ,


〈ϕ(er ) , w1〉 = 0 ,
...
〈ϕ(er ) , wr 〉 = 1 ,
...
〈ϕ(er ) , wn〉 = 0.
These r linear systems of n equations and r unknowns are compatible, so that we can find an
isometry ϕ : U0 → U such that
ϕ|V0 : V0 → V0 , ϕ|V+ : V+ → W.
Therefore, ϕ extends to an isometry ϕ : V → V such that
ϕ|V0 : V0 → V0 , ϕ|V+ : V+ → W ,
that is D ⊂ L · V+. The uniqueness of the open orbit is a consequence of [12, Lemma 1.1].

4.4. Irreducible non-simple maximal subgroups
We are going to describe the open orbits in Z(n) corresponding to the maximal semisimple
and not simple subgroups of SO(N ,C) of Theorem 4.2, that is
a) Sp(m, C) ⊗ Sp(n, C) for N = mn , 2  m  n ,
b) SO(m, C) ⊗ SO(n, C) for N = mn , 3  m  n , m , n = 4.
a) Let (V1 = C2m, ω1), (V2 = C2n, ω2) be complex symplectic vector spaces. Then the
tensor product V = V1 ⊗ V2 has a complex Euclidean metric 〈· , ·〉, defined by
〈u ⊗ v , u′ ⊗ v′〉 = ω1(u, u′) ω2(v, v′)
for any u, u′ ∈ V1, v, v′ ∈ V2. Let L1 = Sp(V1), L2 = Sp(V2); then L1 ⊗ L2 is a subgroup
of SL(V1 ⊗ V2) and, from the definition of the metric 〈· , ·〉 on V , we have that the group
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L = Sp(V1) ⊗ Sp(V2) is a subgroup of
SO(V1 ⊗ V2 ) = SO(V )  SO(4mn, C).
In this way, L acts on the space Z(2mn). For dimension reasons, it is sufficient consider the
group
L = Sp(2, C) ⊗ Sp(2n, C) ⊂ SO(4n, C) ,
acting on the manifold Z(2n).
b) L = SO(m,C) ⊗ SO(n,C), 3  m  n, m, n = 4, mn even. For dimension reasons, L
cannot have open orbit in Z( 12 mn).
Therefore, we have just to consider the group L = Sp(2,C) ⊗ Sp(2n,C).
4.5. Case of L = Sp(2,C) ⊗ Sp(2n,C)
Let us start by recalling that a 2n-dimensional isotropic subspace W ⊂ C2 ⊗C2n is decom-
posable, if it is spanned by decomposable elements u ⊗ v of the tensor product C2 ⊗ C2n . We
have the following
Theorem 4.5. Let L = Sp(2,C) ⊗ Sp(2n,C) ⊂ SO(4n,C) acting on Z(2n) as described
above.
1) If n > 3, then L has no open orbit in Z(2n).
2) If n = 1, 2, 3, then L has one open orbit D := L · W0, given respectively by
i) D = Z(2) , W0 = Span {e1 ⊗ e1, e1 ⊗ e2 } ,
ii) D = Sp(2, C) ⊗ Sp(4, C)/SO(2, C) ⊗ (Sp(2, C) × Sp(2, C)) ,
W0 = Span {e1 ⊗ f1, e1 ⊗ f2, e2 ⊗ f3, e2 ⊗ f4 } ,
iii) D = Sp(2, C) ⊗ Sp(6, C)/I ⊗ (Sp(2, C) × Sp(2, C) × Sp(2, C)) ,
W0 = Span {e1 ⊗ f1, e1 ⊗ f2, e2 ⊗ f3, e2 ⊗ f4,
(e1 + e2 ) ⊗ f5, (e1 + e2 ) ⊗ f6 } ,
where {e1, e2}, { f1, . . . , f4}, { f1, . . . , f6} are the canonical bases of C2, C4 and C6.
Moreover, the orbits corresponding to i), ii), iii) are given by the totally isotropic subspaces
in C2 ⊗ C2, C2 ⊗ C4, C2 ⊗ C6 that are decomposable and admitting a basis of the following
form:
{u1 ⊗ v1, . . . , u2n ⊗ v2n } , n = 1 , 2 , 3 ,
where dim CSpan {u1, . . . , u2n} = n, for n = {1, 2, 3}.
Proof. 1) Due to [12, Lemma 1.1], it is sufficient to prove that there exists an open L-invariant
set  ∈ Z(n) without an open orbit.
Consider the set  of the 2n-dimensional subspaces W ⊂ V = V1 ⊗ V2 of the following
form
W = Span {v1 } ⊗ W1 ⊕ · · · ⊕ Span {vn } ⊗ Wn (4.1)
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where the vectors v1, . . . , vn ∈ C2\{0}, such that [v1], . . . , [vn] are distinct points in CP1
and W1, . . . , Wn are two-dimensional symplectic subspaces in C2n such that Wi ⊥ W j for
i = j, i, j = 1, . . . , n, with respect to the symplectic form ω2 on C2n . By construction, W
is 〈· , ·〉-isotropic. Moreover the set  is open in Z(2n). To see this, we count the number of
parameters on which a subspace W ∈  depends. We may assume that the first three vectors
v1, v2, v3 are respectively,
(1
0
)
,
(0
1
)
,
(1
1
)
therefore we have (n − 3)-parameters given by the other
points [vi ], since i > 3. The isotropy subgroup in L = Sp(2,C)⊗Sp(2n,C) at each W is given
by the direct product
LW =
n∏
i=1
Sp(i)(2, C) ,
and consequently dim CLW = 3n; therefore the complex dimension of the L-orbit at W is
dim CL − dim CLW = 2n2 − 2n + 3, i.e., a subspace W ∈  is determined by 2n2 − n =
dim CZ(2n), showing that the set  is open in Z(2n). On the other hand, if W ∈ , then the
L-orbit of W , L · W has complex dimension 2n2 −2n +3 < 2n2 −n, since n > 3 and so L · W
cannot be open for W ∈ . This ends the proof of 1).
2) For n < 3 the situation is different. In fact, there is just one open orbit.
i) n = 1. Then V = C2 ⊗ C2 and L = Sp(2,C) ⊗ Sp(2,C). The L-orbit of
WJ2n = W0 = Span {e1 ⊗ e1, e1 ⊗ e2 }
is Z(2) = CP1, {e1, e2} being the canonical basis of C2.
ii) n = 2. Let {e1, e2}, { f1, . . . , f4} be the standard bases of C2, C4 respectively and ω2, ω4
be the symplectic forms on C2, C4, represented, with respect to these bases, by the matrices
ω2 =
(
0 −1
1 0
)
, ω4 =
(
J2 0
0 J2
)
.
Set
W0 = Span {e1 ⊗ f1, e1 ⊗ f2, e2 ⊗ f3, e2 ⊗ f4 }
= Span{e1 } ⊗ W1 ⊕ Span{e2 } ⊗ W2 ,
where W1, W2 are symplectic and orthogonal. The subspace W0 is isotropic and the isotropy
subgroup LW0 is given by the tensor product H ⊗ K , where
H =
{(
a 0
0 a−1
)
: a ∈ C∗
}
, K = Sp(2, C) × Sp(2, C)
and, therefore, dim CLW0 = 7. Then, dim CL · W0 = 6 and
L · W0 = Sp(2, C) ⊗ Sp(4, C)/SO(2, C) ⊗ (Sp(2, C) × Sp(2, C))
is open.
iii) n = 3. Let
W0 = Span {e1 ⊗ f1, e1 ⊗ f2, e2 ⊗ f3, e2 ⊗ f4, (e1 + e2 ) ⊗ f5, (e1 + e2 ) ⊗ f6 } ,
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where { f1, . . . , f6} is the standard basis of C6 and ω6 = diag(J2, J2, J2). The isotropy sub-
group LW0 , at W0 is
LW0 =
3∏
j=1
Sp j (2, C) ,
and so
L · W0 = Sp(2, C) ⊗ Sp(6, C)/I ⊗ (Sp(2, C) × Sp(2, C) × Sp(2, C))
is open. This proves 2). 
We saw that all open orbits consist of decomposable isotropic subspaces. The following
proposition gives a property of such decomposable isotropic subspaces.
Proposition 4.6. Let {u1 ⊗ v1, . . . , u2n ⊗ v2n} be a basis of a decomposable 2n-dimensional
isotropic plane inC2⊗C2n; suppose that {v1, . . . , v2n} is a basis ofC2n. Let [ui ] i = 1, . . . , 2n be
the corresponding point ofCP1. Then the number of distinct points in {[ui ], i = 1, . . . , 2n}  n
is not bigger than n.
Proof. Let us denote by N (u1, . . . , un) the number of these distinct points. Now we will use
the induction on dimC V = 4n, V = C2 ⊗ C2n . If n = 1, then {u1 ⊗ v1, u2 ⊗ v2} is a basis of
W and {v1, v2} is a basis of C2 by the hypothesis. Therefore ω2(v1, v2) = 0 and consequently
ω2(u1, u2) = 0, i.e., u1 and u2 are linearly dependent and N = 1. Suppose that the statement
is true for n − 1 and let {u1 ⊗ v1, . . . , u2n ⊗ v2n} be a basis of W , {v1, . . . v2n} be a basis
of C2n . If dimC Span {u1, . . . , un} = 1, then N (u1, . . . , u2n) = 1. Therefore, suppose that u1
and u2 are linearly independent and let U = U1 ⊗ U2, where U1 = Span {u1, . . . , u2n−2},
U2 = Span {v1, . . . , v2n−2}; we have dimC U = 4n − 4 and
W˜ = Span {u1 ⊗ v1, . . . , u2n−2 ⊗ v2n−2 }
is a (2n − 2)-isotropic plane in U ; therefore, by the inductive hypothesis, we have that
N (u1, . . . , u2n)  n − 1; since ω2n is non degenerate and {v1, . . . , v2n} is a basis of C2n ,
there exists h, 1  h  2n such that ω2n(vh, v2n) = 0, which implies that [uh] = [u2n], i.e.,
N (u1, . . . , u2n)  n. 
4.6. Case of Z(3)
Now we apply our results to the model space X = Z(3). This model space may be viewed
as the three-dimensional complex projective space CP3. Let Z(3), identified as the totally
isotropic 3-planes in C6, with respect to the standard complex metric; the special complex
subgroup SO(6,C) acts on Z(3). We have the following result
Proposition 4.7. Let L be one of the following subgroups of SO(6,C)
L = S(O(5, C) × O(1, C)) ,
L = S(O(4, C) × O(2, C)) ,
L = S(O(3, C) × O(3, C)).
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Then the open L-orbits in Z(3) are
1) Z(3)\{Z(2) × Z(1) ∪ Z−(2) × Z−(1)}  CP3\{2 lines} ,
2) Z(3) ,
where Z−(2) := {At J2 A : A ∈ O(2)}\Z(2).
Proof. We get immediately that the S(O(5,C) × O(1,C))-orbit of WJ2n = W0 is all Z(3). In
fact, for every W ∈ Z(3), then d2(W ) = 0 and d1(W ) = 2, otherwise we should find three
linearly independent vectors of C5 that span an isotropic 3-plane in C5.
For L = S(O(4,C) × O(2,C)), let
U = Span {e1−√−1 J4e1, e2−√−1 J4e2, f1−√−1 J2 f1 } ,
{e1, . . . e4}, { f1, f2} being the standard bases of C4 and C2 respectively. Since d1(U ) is not
minimal, U ∈ L · W0. Therefore, also L · U is contained in the complement of L · W0. Let
W ∈ L · W0, then we have these possibilities:
i) d1(W ) = 1 , d2(W ) = 1 ,
ii) d1(W ) = 2 , d2(W ) = 0 ,
iii) d1(W ) = 2 , d2(W ) = 1.
The first two cases cannot occur.
For i), let
v1 =
(
ξ1
0
)
, v2 =
(
ξ2
λ2
)
, v3 =
(
0
λ3
)
be a basis of W . Since v3 is isotropic and 〈v2, v3〉 = 0, we may assume
λ3 =
(
1
−√−1
)
, λ2 =
(√−1
1
)
.
Therefore {v1, v2−
√−1v3, v3} would be a basis for W and d1(W ) would be 2.
For case ii), we have that d1(W ) = 2, d2(W ) = 0 and, consequently,
v1 =
(
ξ1
0
)
, v2 =
(
ξ2
0
)
, v3 =
(
ξ3
λ3
)
will be a basis of W . Let
U 01 = Span
{
e1−
√−1 J4e1, e2−
√−1 J4e2
} = Span {ξ 01 , ξ 02 } ,
W1 = Span {ξ1, ξ2 }
and φ : U 01 → W1 the isometry given by
φ(ξ
0
1 ) = ξ1 ,
φ(ξ
0
2 ) = ξ2.
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Then, φ extends to an isometry φ : C4 → C4. Therefore φ−1(ξ3) is orthogonal to ξ 01 and ξ 02 ,
which implies ‖ξ3 ‖= 0. Then ξ3 ∈ Span {ξ1, ξ2} and we would get a basis for W given by
v1 =
(
λ1
0
)
, v2 =
(
λ2
0
)
, v3 =
(
0
λ3
)
so that d2(W ) = 1.
iii) Let X = Span { f1−
√−1J2 f1}, Y = Span {λ3}. As in the previous case, we can construct
an isometry φ : C4 → C4 sending U 01 to W1 and an isometry ψ : C2 → C2 sending X
to Y . Therefore (φ, ψ) sends U in W and W ∈ S(O(4,C) × O(2,C)) · U . Therefore, the
S(O(4,C) × O(2,C)) orbit of W0 is
Z(3) \ {(Z(2) × Z(1)) ∪ (Z−(2) × Z−(1))} ,
where Z−(2) := {tAJ2 A : A ∈ O(2)} \ Z(2).
Also for the group L = S(O(3,C) × O(3,C)), the L-orbit of W0 is the domain
Z(3) \ {(Z(2) × Z(1)) ∪ (Z−(2) × Z−(1))}. 
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